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1. INTRODUCTION

What are the horo-tight immersions of spheres? This question was proposed by Thomas
E. Cecil and Patrick J. Ryan in [7, pg 236]. We address this paper to the simplest case
of that question, namely the horo-tight immersions of a simple closed curve. The concept
of horo-tightness was introduced in [6], whose main subjects are tight and taut immer-
sions into hyperbolic space. One may regard tightness, tautness and horo-tightness as
generalizations of Euclidean tightness. An immersion into Rm is called Euclidean tight
if every non-degenerate linear height function has the minimum number of critical points
required by the Morse inequalities. The linear height functions in any Euclidean space are
parametrized by the sphere of unit vectors. On the other hand, in hyperbolic space there
are three types of spheres, namely, equidistant surfaces, spheres and horospheres. Such
trichotomy gives rise to the concepts of tightness, tautness and horo-tightness respectively.
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Moreover, it has been discovered a new geometry on hyperbolic space which is called
“Horospherical Geometry”recently [9, 1, 10, 11]. This geometry regards that horospheres
are the only totally umbilic flat surfaces and other spheres and hyperplanes are not flat.
The curvature in this geometry has very nice properties such that the Gauss-Bonnet type
theorem and the Chern-Lashof type theorem hold [9, 1]. Therefore the horo-tightness of
submanifolds in hyperbolic space is also a quite interesting property from this point of
view.

In this paper we define a family of functions in the Poincaré model, which measures the
Euclidean radii of the hyperhorospheres tangent to its boundary at a fixed point. This is an
interesting family of functions, since we can characterize horo-tightness by requiring that
every non-degenerate function in the family has the minimum number of critical points.

The main result (Theorem 3.1), states that an immersion of a simple closed curve into
the hyperbolic space is horo-tight if and only if it is tight. In this paper we only give the
proof of the main results for codimension greater than one case. In this case, it then follows
that tightness, tautness and horo-tightness are all equivalent concepts in the class of such
immersions. Moreover, it has been known in ([6], Theorem 4.2) that tight immersions of
spheres in higher codimensional hyperbolic space are only metric spheres. However there
are examples of (Euclidean) ellipses in hyperbolic plane which are horo-tight (cf., [6]).
These examples indicate that the situation of the codimension one case is quite different
from that of the higher codimensional case. We give a concrete example of such an ellipse
in §4. The codimension one case has been shown in more general setting in [2].

2. NOTATIONS AND DEFINITIONS

In this section we prepare some notations and definitions which we will use for the proof
of the main theorem. A Morse function ϕ on a manifold M is called a perfect function if

1. Mr(ϕ) = {x ∈ M | ϕ(x) 6 r} is compact for all real r,
2. there exists a field F such that for all r ∈ R and all integers k, the number of critical

points of ϕ of index k which lie in Mr(ϕ) is equal to the kth Betti number of Mr(ϕ) over
F.

As observed in [6] there are manifolds which do not admit perfect functions.
Let Rm+1 = {(x0, x1, . . . , xm) | xi ∈ R} be an (m + 1)-dimensional vector space. For

any x = (x0, x1, . . . , xm) and y = (y0, y1, . . . , ym) the Lorentz-Minkowski scalar product of
x and y is defined by b(x, y) = −x0y0 +x1y1 + · · ·+xmym. The pair (Rm+1, b) is called the
(m + 1)-Lorentz-Minkowski space and is denoted by Rm+1

1 . A non-zero vector x ∈ Rm+1
1 is

called spacelike, timelike or lightlike if b(x, x) > 0, b(x, x) < 0 or b(x, x) = 0 respectively.
We use two models of hyperbolic space, Hm and Dm. In the space Rm+1, Hm is given

by

Hm = {x ∈ Rm+1
1 | b(x, x) = −1, x0 > 1},

on which b restricts to a Riemannian metric of constant sectional curvature −1. Let Dm

be the open unit ball at the origin of Rm = {0} × Rm. The stereographic projection
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P : Dm → Hm given by

P (x) = −e0 + 2
x + e0

1− b(x, x)

induces on Dm a Riemannian metric g such that (Dm, g) is isometric to Hm. This is the
well known Poincaré ball model.

We now define spheres of spacelike and lightlike vectors in Rm+1
1 : the de Sitter m-

space Sm
1 = {x ∈ Rm+1

1 | b(x, x) = 1} and the lightcone (m − 1)-sphere Sm−1
+ = {x ∈

Rm+1
1 | b(x, x) = 0, x0 = 1}.
An immersion f : M → Hm is called horo-tight if every Morse function Hv(x) =

−b(f(x), v), v ∈ Sm−1
+ , is perfect. The function Lh(x) = ln(−b(x, v)), x ∈ Hm measures

the distance from x to the hyperhorosphere h = {x ∈ Hm | b(x, v) = −1}.
An immersion f : M → Hm is called tight if, for every σ ∈ Sm

1 , the function

x 7→ Lπ(x) = sinh−1(−b(x, σ))

is either degenerate or a perfect function. Recall that Lπ(x) is the distance from x to the
hiperplane π = {x ∈ Hm | b(x, σ) = 0}.

An immersion f : M → Hm is called taut if, for every p ∈ Hm − f(M), the function

x 7→ Lp(x) = (cosh−1(−b(x, p)))2

is either degenerate or a perfect function. Recall that Lp(x) is the square of the distance
in Hm from p to x. The above three concepts are invariant under isometries of Hm, this
follows from the characterization of such isometries, see for instance [12]. For an immersion
f : M → Hm of a compact manifold, Theorem 5.1 of [6] says that tightness or tautness
implies horo-tightness.

We now consider the Poincaré model.

Definition 2.1. An immersion f : M → Dm is horo-tight if P ◦ f : M → Hm is
horo-tight.

Let Sm−1 denote the sphere of unit vectors at the origin in Rm. For w ∈ Sm−1, let
Rw : Dm → R be the function defined by

Rw(p) = 1− 1− 〈p, p〉
2(1− 〈p, w〉) (2.1)

where 〈 , 〉 is the Euclidean inner product. Geometrically Rw(p) is the Euclidean radius of
the unique hypersphere containing p which is tangent to Sm−1 at w. See Figure 1. We
consider that Rw a real-valued function on Dm. Therefore, we have the following proposi-
tion.

Proposition 2.1. For any real number 0 < c < 1, R−1
w (c) is a hyperhorosphere.

Under the above notations we have the following lemma.
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FIG. 1. H is the unique hypersphere containing p which is tangent to Sm−1 at w. Its Euclidean radius
is R.

Lemma 2.1. Let f : S1 → Dm be a horo-tight immersion. Then for any w ∈ Sm−1

either Rw ◦ f is constant or the equation Rw(f(x)) = c has at most two roots.

3. HORO-TIGHT IMMERSIONS OF S1

Let S1 denote a manifold homeomorphic to the unit circle. In this section we characterize
the horo-tight immersions of S1 into hyperbolic space. As the next lemma says, we can
work with embeddings S1 ↪→ Hm.

Lemma 3.1. Every horo-tight immersion f : S1 → Hm is an embedding.

S. uppose f(x1) = f(x2) = p for two distinct points in S1. Let Rw be a Morse function
such that the hyperhorosphere hs = {y ∈ Hm | Rw(y) = s} intersects f(S1) at p and q,
p 6= q. It follows that Rw has at least three critical points. A contradiction. 2

We treat separately the one codimensional case of the main result. For the case m = 2
(i.e, codimension one case), we have shown a more general assertion which implies the
following proposition (cf., [2]).

Proposition 3.1. An immersion f : S1 → D2 is horo-tight only if it is tight.

For the proof of the main theorem in the case when m ≥ 3, we need the following lemma.

Lemma 3.2. Let f : S1 → Dm,m > 3, be an immersion whose image contains the origin
of Rm. Then there exists a hyperhorosphere which intersects f(S1) in at least three points.
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W. e have to find w ∈ Sm−1 and 0 < c < 1 such that the equation Rw(x) = c has
three distinct roots. Since Rw(0) = 1/2 for all w ∈ Sm−1 and 0 ∈ f(S1), it is sufficient to
determine non-zero vectors f(x), f(y) such that the linear system

{ 〈f(x), w〉 = 〈f(x), f(x)〉
〈f(y), w〉 = 〈f(y), f(y)〉 (3.1)

has a solution in Sm−1. Let πu ⊂ Rm be the hyperplane given by the equation 〈X, u〉 =
〈u, u〉. For small enough f(x), the hyperplane πf(x) contains a non-zero vector f(y) 6= f(x).
Thus any w ∈ πf(x) ∩ πf(y) is a solution of the system (3.1). 2

We now prove the main result.

Theorem 3.1. An immersion f : S1 → Dm is horo-tight if and only if it is tight.

W. e have shown that horo-tightness of S1 ↪→ D2 implies tightness, so let us assume
m > 3. We will actually prove that f is taut and tight. In view of Theorem 2.1 of [6], it is
enough to show that f is taut in the Euclidean sense.

For any point p ∈ Hm one can find an isometry Φ : Hm → Hm such that Φ(p) = e0,
see [12]. Hence we may assume that 0 ∈ f(S1) and thus, by Lemmas 3.2 and 2.1 there
exists a hyperhorosphere h which contains f(S1). For almost all hyperplanes π in Rm we
have a hyperhorosphere h′ such that π ∩ h = h′ ∩ h. Since f is horo-tight it is also tight
in the Euclidean sense. The result now follows from Theorem 2.1 of [3]. The converse is a
particular case of Theorem 5.1 of [6]. 2

From the above proof we see that tautness, tightness, and horo-tightness are equivalent
concepts in the class of immersions from S1 into Dm,m > 3. Whether the above results
hold for higher dimensional spheres is an interesting question. For the codimension one
case, we have already characterized horo-tightness in [2]. For the higher codimensional
case, it is still an open problem.

4. EXAMPLE

In this section we give a concrete example which indicates the difference between horo-
tightness and tautness in the case when the codimension is one.

We begin with the following result.

Proposition 4.1. An embedding f : S1 → H2 is horo-tight if and only if its geodesic
curvature κg satisfy |κg| > 1 on S1.

The proof follows from [6, Theorem 4.3] and Proposition 3.2.
In order to compute the curvature of a curve in H2 we need some preliminary. For any

x = (x1, x2, x3), y = (y1, y2, y3) ∈ R3
1, the pseudo vector product of x and y is defined as

follows:
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x ∧ y =

∣∣∣∣∣∣

−e1 e2 e3

x1 x2 x3

y1 y2 y3

∣∣∣∣∣∣
.

Let γ : I → H2 be a curve parametrized by arc-length, ie, ‖t(s)‖ = 1,∀s ∈ I, where
t(s) = γ′(s). We now set a unit vector e(s) = γ(s) ∧ t(s). Then we have a pseudo-
orthonormal frame {y(s), t(s), e(s)} along γ. By the similar arguments as those as in the
ordinary Frenet-Serret formula for the Euclidean space curve, the following Frenet-Serret
type formula holds [8]:





γ′(s) = t(s)
t′(s) = γ(s) + κg(s)e(s)
e′(s) = −κg(s)t(s)

where κg(s) is the geodesic curvature of the curve γ in H2 which is given by

κg(s) = det(γ(s), t(s), t′(s)).

If γ is not parametrized by arc-length then

κg(u) =
det(γ(u), t(u), t′(u))

‖γ′(u)‖3 .

Now we can show that the ellipse in D2 given by f(u) = (0.4 cos(u), 0.3 sin(u)) is horo-
tight. By Proposittion 4.1, it is enough to show that the curvature k of γ = P ◦ f satisfy
|k| > 1 in S1, where P is the stereographic projection P : D2 → H2. In the Figure 2 we
plot the graph of the curvature of γ and we see that it satisfies the required inequality.
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FIG. 2. Graph of the geodesic curvature of γ.
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